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The main purpose of this article is to generalize a characterization of constant functions
to the context of metric-measure spaces. In fact, we approximate a measurable function,
in terms of a certain integrability condition, by Lipschitz functions. Then, similar to Brezis
(2002) [2], we establish a necessary and suﬃcient condition in order that any measurable
function which satisﬁes an integrability condition to be constant a.e. Also, we provide a
different proof for the main result of Pietruska-Pałuba (2004) [7] in the setting of Dirichlet
forms.
© 2011 Elsevier Inc. All rights reserved.
0. Introduction
In [2], Brezis proved the following integral type characterization of constant functions:
• Let f : Ω → R be a measurable function on a connected open subset in Rk such that
∫
Ω
∫
Ω
| f (y) − f (x)|p
|y − x|k+p dy dx < ∞, (0.1)
for some number p  1. Then, f is a constant function a.e.
Also, the above theorem is generalized by Pietruska-Pałuba [7] to the setting of Dirichlet forms with the heat kernel
pt(x, y) which is bounded above by 1tα/β Φ(
d(x,y)
t1/β
), where the non-negative decreasing function Φ satisﬁes a certain inte-
grability condition, see Theorem 3.2. In fact, the above mentioned theorem has applications in the degree theory and the
integrability condition (0.1) appears in the context of Besov’s spaces. For the original motivations of this theorem see [2]
and the references therein, see also [1].
In this article, we generalize the above theorem to a function f whose domain is a metric-measure space. In fact, we
are using a weaker version of the integrability condition (0.1), see Lemmas 2.1, 2.2 and Theorem 3.1. Indeed, in order to
prove this generalized result (see Theorem 3.1), we approximate our function f by Lipschitz functions. Moreover, we see
that a generalized version of the differentiability property (with zero derivative) holds for the given function f , compare
[10] and [11]. Finally, we provide a different proof for the main result of Pietruska-Pałuba [7].
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First, we recall some of the basic deﬁnitions and concepts of metric-measure spaces. We say that a triple (X,d,μ) is a
metric-measure space, if (X,d) is a metric space and μ is a (Borel) measure on X . For simplicity, throughout the article we
assume that all metric spaces are locally compact and all (outer) measures are Radon. See [3] and [6] for the basic concepts
and properties of metric-measure spaces. We denote the open ball of radius R > 0 with center at a by B(a, R) (in a metric
space (X,d)).
A metric-measure space (X,d,μ) is said to be doubling, if there is C0  1 such that
μ
(
B(x,2r)
)
 C0μ
(
B(x, r)
)
, (1.1)
for all x ∈ X and r > 0. The constant C0 is called doubling constant of X . We say that X is Bishop–Gromov regular of dimen-
sion k, for some positive constant k, if there exists constant K0  1 such that
μ(B(x, R))
Rk
 K0
μ(B(y, r))
rk
, (1.2)
for all 0 < r < R and x, y ∈ X whenever d(x, y)  R . If X is a Bishop–Gromov regular space of dimension k, then X is
Bishop–Gromov regular of dimension s, for any s  k, as well. Moreover, if X is a doubling metric-measure space with
doubling constant C0, then X is Bishop–Gromov regular of dimension k := log2 C0.
Suppose that E is a measurable subset in X and g : X → R is a measurable function. Denote the mean-value integral of g
on E by
−
∫
E
g(y)dμ(y) := 1
μ(E)
∫
E
g(y)dμ(y),
whenever μ(E) = 0 and g is integrable, otherwise deﬁne it as ∞. It is said that x ∈ X is a point of density one for E , if
lim
r→0+
μ(B(x, r) ∩ E)
μ(B(x, r))
= 1.
In a doubling metric-measure space X , almost every x ∈ E is a point of density one for E . Also, in a doubling space X , for
every integrable function g : X → R, we have
lim
r→0+
−
∫
B(x,r)
g(y)dμ(y) = g(x), (1.3)
for a.e. x ∈ X , namely, the Lebesgue differentiation theorem is valid on the doubling spaces, see for instance [6, Thm. 1.8].
When (1.3) holds at x, we call x a Lebesgue point of g and the set of all Lebesgue points of g is denoted by L(g).
2. The main lemmas
We start this section with the following simple fact, which implies a generalized version of the differentiability property
(with zero derivative) for functions which satisfy a weak version of the condition (0.1); compare [10] and [11].
Lemma 2.1. Let (X,d,μ) be a metric-measure space and p  1. Suppose that X is Bishop–Gromov regular of dimension k and
f : X → R is a measurable function. For some x ∈ X and R > 0, suppose that∫
B(x,R)
| f (y) − f (x)|p
dk+αp(y, x)
dμ(y) < ∞,
then
lim
r→0+
−
∫
B(x,r)
| f (y) − f (x)|p
rαp
dμ(y) = lim
r→0+
∫
B(x,r)
| f (y) − f (x)|p
dk+αp(y, x)
dμ(y) = 0,
where we deﬁne | f (y)− f (x)|
p
dk+αp(y,x) := 0, for y = x.
Proof. Let {rn} be a decreasing sequence of positive numbers which converges to zero. It is clear that
• B(x, r1) ⊃ B(x, r2) ⊃ · · · ,
• ⋂∞n=1 B(x, rn) = {x}.
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lim
n→∞
∫
B(x,rn)
| f (y) − f (x)|p
dk+αp(y, x)
dμ(y) =
∫
{x}
| f (y) − f (x)|p
dk+αp(y, x)
dμ(y) = 0.
For some a ∈ X , suppose that x ∈ B(a, R). By (1.2), we have
lim
r→0+
−
∫
B(x,r)
| f (y) − f (x)|p
rαp
dμ(y)
(
K0 Rk
μ(B(a, R))
)
lim
r→0+
∫
B(x,r)
| f (y) − f (x)|p
dk+αp(y, x)
dμ(y) = 0.
This completes the proof. 
Next, we state and prove a lemma which estimates measurable functions by Lipschitz functions, under a certain integra-
bility condition.
Lemma 2.2. Let (X,d,μ) be a metric-measure space and p  1. Suppose that X is Bishop–Gromov regular of dimension k, f : X → R
is a measurable function and α is a positive constant. For a ∈ X and positive numbers T , M and R, we deﬁne the set E as the following:
E :=
{
x ∈ B(a, T ):
∫
B(x,R)
| f (y) − f (x)|p
dk+αp(y, x)
dμ(y) Mp
}
∩ L( f ),
where we deﬁne | f (y)− f (x)|
p
dk+αp(y,x) := 0, for y = x. Then:
(i) The restriction of f to E is equal to an α-Hölder continuous function.
(ii) The restriction of f to E is equal to an α-Hölder continuous function whose domain is entire X.
(iii) For any  > 0, there exist an α-Hölder continuous function g : X → R and a measurable subset E ⊂ B(a, T ) such that f = g
on E , μ(E\E)  and
limsup
y→x
|g(y) − g(x)|
dα(y, x)
Λ,
for a.e. x ∈ E , where Λ is a constant.
Proof. The proof is based on the proof of [10, Lemma 3.2]. For the sake of completeness, we provide details of the proof.
(i) Let Qr(w) denote −
∫
B(w,r) f (z)dμ(z), where w ∈ X and r > 0. Set ri := R/2i , for non-negative integer i. Suppose that
x ∈ E , then we have
∣∣Qri (x) − Qri+1(x)∣∣ C −
∫
B(x,ri)
−
∫
B(x,ri)
∣∣ f (z) − f (w)∣∣dμ(z)dμ(w)
 C −
∫
B(x,ri)
−
∫
B(x,ri)
∣∣( f (z) − f (x))− ( f (w) − f (x))∣∣dμ(z)dμ(w)
 2C −
∫
B(x,ri)
∣∣ f (z) − f (x)∣∣dμ(z)
 2C
(
−
∫
B(x,ri)
∣∣ f (z) − f (x)∣∣p dμ(z)
)1/p
 2C
(
K0Rk
μ(B(a, R))rki
∫
B(x,ri)
∣∣ f (z) − f (x)∣∣p dμ(z)
)1/p
 2C
(
K0Rkr
αp
i
μ(B(a, R))
∫
B(x,ri)
| f (z) − f (x)|p
dk+αp(z, x)
dμ(z)
)1/p
 CM
(
Rk
)1/p
rαi ,μ(B(a, R))
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j > i  0, we have
∣∣Qr j (x) − Qri (x)∣∣
j−1∑
m=i
∣∣Qrm(x) − Qrm+1(x)∣∣ CM
(
Rk
μ(B(a, R))
)1/p j−1∑
m=i
rαm. (2.1)
Since x ∈ L( f ), we have
f (x) := lim
i→∞
Qri (x).
Then, by (2.1) we see that
∣∣ f (x) − Qri (x)∣∣ CM
(
Rk
μ(B(a, R))
)1/p ∞∑
m=i
rαm, (2.2)
for non-negative integers i. Suppose that ri0+1  d(x, y) ri0 , where x, y ∈ E and i0  1 is an integer. Then, we have
∣∣Qri0 (x) − Qri0 (y)
∣∣ C −
∫
B(x,2ri0 )
−
∫
B(x,2ri0 )
∣∣ f (z) − f (w)∣∣dμ(z)dμ(w)
 2C −
∫
B(x,2ri0 )
∣∣ f (z) − f (x)∣∣dμ(z)
 2C
(
−
∫
B(x,2ri0 )
∣∣ f (z) − f (x)∣∣p dμ(z)
)1/p
 2C
(
K0Rk
μ(B(a, R))(2ri0)
k
∫
B(x,2ri0 )
∣∣ f (z) − f (x)∣∣p dμ(z)
)1/p
 2C
(
K0Rk(2ri0)
αp
μ(B(a, R))
∫
B(x,2ri0 )
| f (z) − f (x)|p
dk+αp(z, x)
dμ(z)
)1/p
.
Hence
∣∣Qri0 (x) − Qri0 (y)
∣∣ 2αCM
(
Rk
μ(B(a, R))
)1/p
rαi0 . (2.3)
Therefore, from (2.2) and (2.3), we get
∣∣ f (x) − f (y)∣∣ 2αCM
(
Rk
μ(B(a, R))
)1/p ∞∑
m=i0
rαm.
Since
R
2i0+1
= ri0+1  d(x, y) ri0 =
R
2i0
, (2.4)
there exists constant Kα such that
∣∣ f (x) − f (y)∣∣ CKαM
(
Rk
μ(B(a, R))
)1/p
dα(x, y), (2.5)
for all x, y ∈ E whenever d(x, y) R/2. This completes the proof of part (i).
(ii) It is a consequence of McShane’s Theorem, see for instance [6, Thm. 6.2]. Note that, by (2.5), the α-Hölder constant
of f |E depends on C , α, M , T , p and R .
(iii) By Lemma 2.1, we know that
lim
r→0+
∫ | f (y) − f (x)|p
dk+αp(y, x)
dμ(y) = 0, (2.6)
B(x,r)
198 A. Ranjbar-Motlagh / J. Math. Anal. Appl. 385 (2012) 194–201for all x ∈ E . For given 0 <  < M , there exists a positive number r0 < R in such a way that μ(E\E) <  , where E is
deﬁned by
E :=
{
x ∈ B(a, T ):
∫
B(x,r0)
| f (y) − f (x)|p
dk+αp(y, x)
dμ(y) p
}
∩ L( f ).
By (2.5), we have (again using (1.2))
limsup
y→x, y∈E
| f (y) − f (x)|
dα(y, x)
 CKα
(
Rk
μ(B(a, R))
)1/p
, (2.7)
for all x ∈ E . By part (ii), there is an α-Hölder continuous function g whose domain is entire X such that the restriction
of f to E is equal to g .
Now, consider x ∈ E which is a point of density one for E . We show that at such a point x, we have
limsup
y→x
|g(y) − g(x)|
dα(y, x)
 CKα
(
Rk
μ(B(a, R))
)1/p
.
Suppose that η > 0 is small enough. Since x is a point of density one for E , there is 0 < δ < r0, depending on η, such
that
μ(B(x, r) ∩ Ec)
μ(B(x, r))
< η,
for all 0 < r  δ, where Ec := X\E . Since X is Bishop–Gromov regular of dimension k, there exists K0  1 in such a way
that
K−10
(
r
R
)k
 μ(B(w, r))
μ(B(z, R))
,
for all 0 < r < R and z,w ∈ X whenever d(z,w)  R . For 0 < η < (4K0)−1 and 0 < δ < r0, deﬁne δ1 := (K0η)1/kδ and
δ2 := δ − δ1. For every y ∈ B(x, δ2), we show that
B(y, δ1) ∩ E = ∅. (2.8)
Now, we prove (2.8). By contradiction, suppose that B(y, δ1) ∩ E = ∅. Then, we have
η >
μ(B(x, δ) ∩ Ec)
μ(B(x, δ))
 μ(B(y, δ1))
μ(B(x, δ))
 K−10
(
δ1
δ
)k
= K−10
(
(K0η)1/kδ
δ
)k
= η.
It is a contradiction. Therefore, for every y ∈ B(x, δ2), there exists some z ∈ B(y, δ1) ∩ E . This implies (2.8). Then, we have∣∣g(y) − g(x)∣∣ ∣∣g(y) − g(z)∣∣+ ∣∣g(z) − g(x)∣∣
 Ldα(y, z) + ∣∣ f (z) − f (x)∣∣
 Lδα1 +
∣∣ f (z) − f (x)∣∣,
where L is the α-Hölder constant of g . By (2.7), this implies that (letting η → 0)
limsup
y→x
|g(y) − g(x)|
dα(y, x)
 CKα
(
Rk
μ(B(a, R))
)1/p
,
for all x ∈ E whenever x is a point of density one for E . Since X is a doubling space, we have
limsup
y→x
|g(y) − g(x)|
dα(y, x)
 CKα
(
Rk
μ(B(a, R))
)1/p
, (2.9)
for a.e. x ∈ E . This completes the proof of Lemma 2.2. 
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∫
B(x,R)
| f (y) − f (x)|p
dk+αp(y, x)
dμ(y),
is replaced by
∫
B(x,R)
| f (y) − f (x)|p
μ(B(x,d(y, x)))dαp(y, x)
dμ(y),
then the conclusion remains valid.
3. The results
In this section, we state and prove the main results of this article. First, we generalize Proposition 2 of [2] to the setting
of abstract spaces. Then, we provide a different proof for Theorem 3.1 of [7].
Theorem 3.1. Let (X,d,μ) be a metric-measure space. Let Ω be an open connected subset of X and p  1. Suppose that X is Bishop–
Gromov regular of dimension k and the following condition holds:
• Suppose that un : B(a, T ) → R is a sequence of Lipschitz functions on a ball B(a, T ) which converges to a function u, in the
L1-norm, such that
lim
n→∞
( ∫
B(a,T )
G(un)(x)dμ(x)
)
= 0,
where G(un)(x) := limsupy→x |un(y)−un(x)|d(y,x) . Then, u is constant a.e.
Suppose that f : Ω → R is an integrable function such that
lim
t→+∞
(
tμ
({
x ∈ Ω:
∫
Ω
| f (y) − f (x)|p
dk+p(y, x)
dμ(y) > t p
}))
= 0. (3.1)
Then, f is constant a.e.
Proof. Without loss of generality, we may assume that B(a, T ) is a ball in X such that B(a,2T ) ⊂ Ω . Let i and j be two
positive integers. By following the proof of Lemma 2.2 and choosing α = 1, R = T ,  = 1i , M = j and Eˆ j := {x ∈ B(a, T ):∫
B(x,R)
| f (y)− f (x)|p
dk+αp(y,x) dμ(y)  M
p} ∩ L( f ); we can construct a Lipschitz function f i, j : B(a, T ) → R and a measurable subset
Ei, j ⊂ Eˆ j with the following properties:
• f i, j = f on Eˆ j .
• | f i, j(x) − f i, j(y)| CKαM( Rkμ(B(a,R)) )1/pdα(x, y), for all x, y ∈ B(a, T ).
• μ(Eˆ j\Ei, j) 1i .
• limsupy→x | f i, j(y)− f i, j(x)|dα(y,x)  CKα( R
k
μ(B(a,R)) )
1/p , for a.e. x ∈ Ei, j .
Then, by choosing i = j2, we have
∫
B(a,T )
G( f i, j)(x)dμ(x) =
∫
Ei, j
G( f i, j)dμ +
∫
Eˆ j\Ei, j
G( f i, j)dμ +
∫
B(a,T )\Eˆ j
G( f i, j)dμ
 CKα
1
i
(
Rk
μ(B(a, R))
)1/p
μ(Ei, j) + CKα j
(
Rk
μ(B(a, R))
)1/p
μ(Eˆ j\Ei, j)
+ CKα j
(
Rk
μ(B(a, R))
)1/p
μ
(
B(a, T )\Eˆ j
)
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(
Rk
μ(B(a, R))
)1/p[
μ(B(a, T ))
i
+ j
i
+ jμ(B(a, T )\Eˆ j)
]
= CKα
(
Rk
μ(B(a, R))
)1/p[
μ(B(a, T ))
j2
+ 1
j
+ jμ(B(a, T )\Eˆ j)
]
.
Also, we obtain∫
B(a,T )
| f i, j − f |dμ =
∫
Eˆ j
| f i, j − f |dμ +
∫
B(a,T )\Eˆ j
| f i, j − f |dμ
 0+
∫
B(a,T )\Eˆ j
| f i, j|dμ +
∫
B(a,T )\Eˆ j
| f |dμ

[∣∣ f i, j(xi, j)∣∣+ CKα j
(
Rk
μ(B(a, R))
)1/p
(2T )α
]
μ
(
B(a, T )\Eˆ j
)+
∫
B(a,T )\Eˆ j
| f |dμ,
for any xi, j ∈ B(a, T ). Therefore, by using (3.1) and suitable choice of xi, j ∈ B(a, T ), we can construct a sequence of Lipschitz
functions fn : B(a, T ) → R in such a way that fn → f in L1(B(a, T )) and
lim
n→∞
( ∫
B(a,T )
G( fn)(x)dμ(x)
)
= 0.
By the assumptions, this implies that f is constant on B(a, T ) a.e. 
Note that if un and u are as in Theorem 3.1, and in addition, suppose that X = Rk with the usual Euclidean metric and
the Lebesgue measure, then, by the Poincaré inequality (see for instance [3]) u is a constant function a.e. (for the abstract
setting, see [9] and also [8]). Moreover, we know that the condition∫
Ω
∫
Ω
| f (y) − f (x)|p
dk+p(y, x)
dμ(y)dμ(x) < ∞,
is stronger than (3.1). Also, we cannot remove the condition (3.1) in Theorem 3.1. To see this, we can consider step functions
on the real line.
It was noticed by the referee that Heikkinen, Koskela and Tuominen [5] are proven a similar result under a weaker
Poincaré inequality assumption but under stronger convergence assumptions.
Next, we prove the main result of Pietruska-Pałuba [7].
Theorem 3.2. Let (X,d,μ) be a metric-measure space and let pt be a heat kernel on X (see [4, Def. 2.1] or [7] for deﬁnition). Suppose
that there are positive constants α, β , C1 , C2 and a non-negative decreasing function Φ : [0,∞[ → [0,∞[ such that:
• For all x ∈ X and 0 < r < diam(X), we have
C1r
α μ
(
B(x, r)
)
 C2rα;
• For all t > 0 and x, y ∈ X, we have
0 < pt(x, y)
1
tα/β
Φ
(
d(x, y)
t1/β
)
;
• We have
∞∫
0
sα+βΦ(s)ds
s
< ∞.
Suppose u ∈ L2(X) and∫
X
∫
X
|u(y) − u(x)|2
dα+β(y, x)
dμ(y)dμ(x) < ∞. (3.2)
Then, u is constant a.e.
A. Ranjbar-Motlagh / J. Math. Anal. Appl. 385 (2012) 194–201 201Proof. From (3.2), it is clear that for any sequence of measurable subsets E1 ⊃ E2 ⊃ · · · such that ⋂∞n=1 En = ∅, we have
lim
n→∞
∫
En
∫
B(x,r)
|u(y) − u(x)|2
rα+β
dμ(y)dμ(x) lim
n→∞
∫
En
∫
X
|u(y) − u(x)|2
dα+β(y, x)
dμ(y)dμ(x) = 0, (3.3)
uniformly in r ∈ ]0,1[. By [4, (5.16)], we know that there exists a positive constant C3 such that
E[u] C3 limsup
r→0+
1
rα+β
∫
X
∫
y∈B(x,r)
∣∣u(y) − u(x)∣∣2 dμ(y)dμ(x), (3.4)
where
E[u] := lim
t→0+
1
2t
∫
X
∫
X
pt(x, y)
∣∣u(y) − u(x)∣∣2 dμ(y)dμ(x). (3.5)
On the other hand, by Lemma 2.1 and (3.2), we see that
lim
r→0+
1
rα+β
∫
B(x,r)
∣∣u(y) − u(x)∣∣2 dμ(y) = 0, (3.6)
for a.e. x ∈ X . Suppose that r0 ∈ ]0,1[ is small enough and x0 ∈ X . By choosing En := X\{x ∈ B(x0,n):
∫
B(x,r0)
|u(y)−u(x)|2
dα+β (y,x) dμ(y)
 n} in (3.3), the Lebesgue dominated convergence theorem and (3.4), we obtain
E[u] = 0. (3.7)
Also, we know that the right-hand side of (3.5) is a decreasing function of t (see for instance [4]). So, by (3.7), we obtain
that u is constant a.e. 
Remark 3.3. We can extend Lemmas 2.1, 2.2, Theorems 3.1 and 3.2 to the context of Orlicz’s spaces. Compare [11, §6] and
[7, Thm. 3.2].
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